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Series Solution of ODESs

A powerful and very general technique used to obtain solutions of linear
ordinary differential equations (ODES) is the power series method. One starts by
assuming that the solution can be expressed by a simple power series then
substitutes the series into the differential equation and thus determines the
required values of the coefficients in the power series. In its implementation due
to Frobenius the method allows the determination of solutions to a large number
of differential equations of great importance in applications.

2.1 Introduction
The linear differential equations we have studied so far all had closed

form solutions, that is, their solutions could be expressed in terms of elementary
functions, viz. exponential, trigonometric (including inverse trigonometric),
polynomial, and logarithmic functions. As we know from calculus courses, most
such elementary functions have expansions in terms of power series. Some

famous functions with their corresponding power series are:
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But there are a whole class of functions, called special functions, which are not

elementary functions and which occur frequently in mathematical physics. They
usually satisfy second order homogeneous linear differential equations. These
equations can sometimes be solved by discovering a power series that satisfies
the differential equation but the solution series may not be summable to an
elementary function.

2.2.Power Series

An infinite series of the form
- 2
dax"=a, +a X+ a,x + . (8, 0) 1)
n=0

is called a power series in X.

The series
Sla, (X — %) =ay +a (X —X)+a(X— %) + .
n=0

(2)
Is a power series in (x-x,) and is somewhat more general than Ed.(1).

However, Eq.(2) can always be reduced to Eq. (1) by replacing (x — x,) by x.

In this section the most part we shall confine our discussion to power series of
the form Eq. (1).

The series Eg. (1) is said to be converge at a point x if the limit ie.

n—->ow\n=

|im( > a, x”} exists and in this case the sum of the series is the value of this
0

limit. It is obvious that (1) always converges at the point x =0.

All the power series in x fall into one or another of three major categories

o0 n 2

o nzz;)ngx =1+ X+ 2IX° +........... 3)
ZX_:1+ x+ix2+ ........... (4)
“~— nl 2!
[e o] n 2
ZX =1+ X+ X° 4+ ceeeenen.n. (5)



The series Eq. (3) diverges for x = 0 and converges for x =0, series (4)

converges for all

x and the series Eq. (5) converges for | x|<1 and diverges for | x|> 1.

Some power series in x behave like Eg. (3), and converge only for x =0. These

are of no interest to us. Some like Eq. (4) converge for all x. These are easiest

to work with.

All others are roughly similar to Eqg. (5). This means that to each series of this

kind these corresponds a positive real number is obtained R, called the radius

of convergence, with the property that the series converges if |x|<R and

diverges for | x|> R (R=1in the case of Eq. (5)).

It is customary to put R equal to 0 when the series converges only for x =0 and

equal to « when it converges for all x_This convention allows us to cover all

possibilities In a single statement: each power series in X has a radius of

convergence obtained R, where 0 < R<oowith the property that the series

converges if |x|<R and diverges for |x|> R. It should be noted that if R=0

then no xsatisfies | x|< R and if R = thenno x satisfies | x| > R

et 2 @ =8 T & +8 + . be a series of positive terms.
n=0

a‘n+l
a

From elementary calculus, if the [jm

n—ow

= | is exiats, then by D’ Almbert’s

n

ratio test the series is converges for 1 <1 and diverges for | >1.

In the case of the power series Eq. (1), if for each a =0 and if for a fixed

point x = 0, we have

n+1

a, an+l X

a

n

a

n+1 n+1

a, X"

= lim/—x| = |

n—oo

= |lim

n—oo

lim
n—oo

a

n

Then the series is converges for | <1 and diverges for | >1.

The power series Eq. (1) converges for |x|<R, where R = |im %

n— o

a

n+1

provided the limit exists.



R is said to be the radius of convergence of power series Eq. (1). The interval
(-R, R)is said to be the interval of convergence.

Since R =xfor the series Eq. (1), hence the interval of convergence of the
power series is (-, «)i.e. the real line.

We shall use the following results
e A power series represents a continuous function within its interval of
convergence.
e A power series can be differentiated term wise within its interval of

convergence.

Example: Determine the radius of convergence and the interval of convergence
of

) 3 (n+1)x b) >3

n=0 n=0

Solution: a) Here a, =(n+1)’, .a,,=(n+2)

a i 1)?
i ‘ = Ilm((n—i_ )Z\J
an+l n—ow (n+2)

w8 8]

= lim
n n

Therefore, the radius of convergence ie R=1

Now, the radius of convergencei.e. R = |im

n— o

S

= lim

n— o

The interval of convergence is (-1,1)

1 1
b) Here a = 30 T g
Now, the radius of convergence .e.
. an . 3n+1 .
R=1lim— = lim =] = lim@) =3
N—oo | Yni1 n—owo n— o

Therefore, the radius of convergence ie. R=3

The interval of convergence is (-3, 3).



2.3. Analytic function:
A function f(x) defined on an interval containing the point x = x,is

called analytic at x, if its Taylor’s series,

i f n(lx)(x—xo)"exists and converges to f(x) for all xin the interval of
n=0 -

convergence.
We know that all polynomial functions, exponential functions, trigonometric
functions are analytic everywhere.

A rational function is analytic except at those values of x at which its
denominator is zero.

For example: The rational function defined % Is analytic everywhere
X"—oX +

exceptatx =1 & 2

2.4. Series solution of first order ODESs
Example-1: Solve by power series y' —y = 0 aboutx = 0 .
Solution: Consider theode vy -y = 0

1)

Now, we find the solution of the above differential equation using series

solution.
y = ianxn =g, +axX+ ax +ax .. (2)
n=0
=y = inan X" 3)
n=1

Using Eq. (2) and (3) in Eq. (1)



=a, = 1 a,n=0,1,2,... (Recurrence relation)
(n+1)
(4)
n=0: = 1 =
C AT (0+1)a° = %
n=1: a = L P
- 2 (1+1)a1_ 2% T %
: ! 1. 11 1
n=2:a = (2+1)a2 = 3% = 3% = g and So on...

Substitute these values in Eq. (2)
y = ianxn = @ + X + X + X Fen
n=0
B 1. 2 1, .3
_a0+a0x+aa0x +§a0x R T

:ao(1+X+%X2+£X3+ ......... j=aoeX

Therefore y = a e* is the solution of Eq. (1).

Example-2: Solve by power seriesat x = 0 for y' + xy = 0 (1)

Solution: Now, we find the solution of the above differential equation using
series solution.

y:ianx”:ao+a1x+a2x2+a3x3+ ......... )
n=0
=y'= inan X" (3)

n=1

Using Eq. (2) and (3) in Eq. (1)

Le. dona,x" + x> ax" = 0-
n=1 n=0
- n-1 - n+1
= Y nax"" + >a x = 0
n=1 n=0



= a + Z{(nJrl)an+1 + a, l}x“ =0
n=1
= a=0 & (n+1l)a,, +a_, =0
Now, (n+1)a,, +a_, = 0 = (n+1)a,, = -a,_,
= a, = ————,n=123,... (Recurrence relation) (4)
n +
1 8
n=1 = — - — Y ;
? 1+1% 2
1 1
n:2 = — = — — :O S =O y
% 2+1al 3a1 ( % )
n=3. a = — ! ——ia——ix—— —i
PR T T T TR T T T g
1 1
n:4 = — = — — =0 ° :0
IV 5 (& =0)
and Soon...

Substitute these values in Eq. (2)
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I
=}
L
QD
=}
pad
5

=a, + X + X + ax® 4+
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x2
Therefore y = a, e 2 is the solution of Eq. (1).

EXERCISE

I. Solve the following differential equations using power series solution

1. y =2xy (Ans:y= aoexz)

2. yV +y =1 (Ans:y:1+(a0—1)e"‘)



2.5.0rdinary and singular points:
Consider the second order differential equation of the form,

y'+P(x)y+Q(x)y=0 Q)

2.6. Ordinary point: A point x = x,is called an ordinary point of the equation

Eq. (1) if both P(x), Q(x)are analytic at x=x,.

2.7. Singular point: If the point x = x,is not an ordinary point of the equation

Eq. (1), then it is called a singular point. There are two types of singular points.

2.8.Regular singular point: A singular point x = x, is called regular singular
point of the equation Eq. (1) if both (x—x, )P(x), (x - % )’ Q( x)are analytic

at x=x,-

2.9.1rregular singular point: A singular point, which is not regular is called

irregular singular point,

Example -1: Verify that origin is an ordinary point or regular singular point of
the equations

l. y +xy+y =0

2. 2x°y"+xy —(x+1)y=0.

Solution:

1. The equation is YV + Xy +y =0
Compare this with  y"+ P(x)y +Q(x)y =0.
Therefore  P(x) = x, Q(x) =1

= At x=0, P(x)& Q(x) are defined.
= P(x), Q(x) areanalytic x=0
= x =0 is an ordinary point

N : : 1
2. Dividing the equation by 2x* i.e. y"+% '—% =



Compare thiswith  y"+ P(x)y +Q(x)y=0.

Therefore  P(x)

= At x=0, P(x)& Q(x) arenotdefined.
= P(x), Q(x) arenotanalytic x=0
= x =0 Is not an ordinary point

= x =0 is asingular point.

Now, xP(x):zi, x2Q(x) = -

= xP(x), x*Q(x) areanalytic x=0

= x =0 is a regular singular point.

Example -2: Verify that x =1 is a regular singular point of the equation
(x2 —1)y” + xy —y = 0.
Solution: Dividing the equation by (x2 - 1) e
Vo ey -y =0
(-1’ (-1

Compare this with  y"+ P(x)y +Q(x)y=0.

Therefore  P(x) = ———, Q(x) = —(2—11)
X —

(1)
— At x=1, P(x) & Q(x) arenotdefined.
= P(x), Q(x) arenotanalytic x =1

= x = 1 isnot an ordinary point

= x = 1isasingular point.
Now,
~ X ~ x(x-1) B X
CEP) =0Ty T e o) T (xe) &
1 (x-1) X -1

(1 R0) = (1) ey =y xe 1) © (ke 1)
= At x = 1 (x-1)P(x) & (x-1)'Q(x) are defined.

= (x-1)P(x), (x-1)’Q(x) are analytic x =1



= x = 1 Isaregular singular point.
2.10.Series solution of second order ODEs

a) Series solution about an ordinary pointat X = X

Apoint x = x, isanordinary point of the differential equation
y'+P(x)y +Q(x)y=0
if vy, vy, y” areregular (i.e. analytic and single-valued) there. The general

solution near such an ordinary point can be represented by a Taylor series i.e.

v(x) = Y (- x)

Example-1: Find the series solution for y"+ y=0 at x=0. (1)
Solution: Comparing the given equation with y"+ P(x)y +Q(x)y =0
Here P(x) = 0,Q(x) =1

Thereforeat x=0, P(x), Q(x)areanalyticat x=0.

= x =0 is an ordinary point.
Lety = ianx" =a, + X + X + X Fo. ()
n=0

be a solution of (1).

Eq. (1) becomes, > n(n-1)a,x"? + > a x" = 0

n=2 n=0

:i(n+2)(n+1)an+2x” + ianxn = 0
n=0 n=0

= i{(n+2)(n+1)an+2 + 3, fx" =0

n=0

= (n+2)(n+l)a,,, + a, = 0O
a
= - n :0,1,2,......-
= (n+2)(ns1)’"

This is the recurrence relation.



N B 1 1 1
C G (2+1)(1+1)ai - (3)(2)ai T
Y (2+2)(2+1) 2 (B)(3) 7 (4)(3) 1% = %
N3 - 1 1 ot 11
ST T T e N 3 TP R R 1) B TR T
and So on...
Substitute the values in equation Eg. (2)
le. y = ianxn =a + aX + X + ax +.o.
n=0
=a +axX+ |—— ? Lohe s [ Y+ =a (X0 +
=a, +a a, 3!a1 4'ao a (X7 + o,
XZ 4 3 5
:a0[1—§+m+ ..... J+a1[x—§+a ..... j
= a,CoS X+ &, Sin X
-y = a,cosx+asinx IS the required solution of equation Eq. (1).
Example-2: Find the series solution at the origin
for (x -1)y" + 2y = 0. (1)
Solution: Rewrite the above equation as y” + 2 . y =0
X j—
Comparing the given equation with y"+ P(x)y +Q(x)y =0
2
Here P = =0
(x) = ==, Qx)
Therefore at x=0, P(x), Q( x)are analyticat x=0.
= x =0 is an ordinary point.
Lety = ianxn =a + aX + X + X +o.. ()
n=0

be a solution of Eqg. (1).



Eq. (1) becomes,  (x - 1)in(n—1)anx“’2 + 2 in a,x"* =0

n=2 n=1

U

xin(n—l)anx”‘2 - in(n—l)anx"‘2 + Zin ax™ =0
n=1

n=2

=]
I
N

= in(n—l)anx”‘l — in(n—l)anx”‘er iZnanx”‘1 =0

n=2 n=2 n=1

o0

:i(n+1)nan+lx” - > (n+2)(n+1)a,,,x" + iz(n+l)an+lx” =0

n=1 n=0 n=0

o0

= i(n+1)nan+1xn —~ Z{(n+ 2)(n+1)a,,, - 2(n+1)an+1}x" =0

n=0

=]
Il
[N

= i(n+1)nan+lx“ - {0+ 2)(0+1)a, - 2(0+ 1) a}x -

n=

-

o0

Sin+2)n+1)a,, - 2(n+1a,}x" =0

n=1

s

=

[(n+Yna.,~{(n+2)(n+a,,-2(n+1a,..} [X" -{(2)D)a,-2(1)a}x =0

1
[

n

(n+Yna,,-(n+2)(n+1)a,,+ 2(n+1) an”]xn —{2a2—2a1}x° =0

U
s

>
I
N

Uy
s

{(n+n +2(n+1)la,,—(n+2)(n+1) an+2}xn ~{2a,-2a,}x" =0

[N

8

=Y [(n+1)(n+ 2)a,.,—(n+2)(n+1)a,,,|x" -{2a,-2a|x" =0
n=1
Equating various powers of x

ie. 2a,-2a =0, (n+1)(n+2)a,,~-(n+2)(n+1)a,., =0
= 2(a,-a) = 0, (n+1)(n+2)(a,.,- a,,) = O
= a2_ a1 = 0’ a'n+1_ an+2 = 0

=>a,= @ , a., = a_ ., , N =1 (Thisisthe recurrence relation)

Since, a,,, = a



Substitute the values in equation Eg. (2)

e, y= DYax = a +ax + ax + ax o
n=0

=a + ax + (&)X + (&) + (a)x'+ ()X + .
=g+ a(x + X + X+ X+ X )
=a0+a1x(1+x+x2+x3+x4+ ......... )
=ao+aili(x,[':l_1le+x+x2+x3+x“+ ......... J
Ly = oa + alli( is the required solution of equation Eq. (1).

Example-3: Find the series solution for (1+ x*)y"+ xy’ —y = 0 at x=0.(1)

(1+ x2)

!’

Solution: Rewrite the above equation as y” + y —

X
(1 + x2)
Comparing the given equation with y"+ P(x )y +Q(x)y =0

1

Here P(x) = (1+ XZ)

Q(x) - -

(1+ xz)’
Thereforeat x=0, P(x), Q(x)are analytic at x=0.
= x =0 is an ordinary point.

Let y= ianx” = a, + aX + X + X + . ()

10
be a solution of (1).
Ly = inanx”’l & y" = Y. n(n-1)a,x"?
o1

Eq.(1) becomes, (1+ x2) > n(n-1)a, x"* + xin a, X" - ian x" =0
2

n=



= (0+2)(0+1)a,,,x° + (1+2)(1+1)a,,x" + Z (n+2)(n+1)a,,,x

+ Y n(n-1)a,x" + (ax* + in a x" —(aoxO +ax + Zanx”J =0
n=2 n=2

=23,x° + (3)(2)a;x + Z (n+2)(n+1)a, ,x" + in(n—l)anxn

n=2 n=2
+ oax + Znanx” — a, X’ —aix—Zanx” =0
n=2 n=2

o0

=2a,x"+ 6a,x + Z n+2)(n+1)a,,,x" + > n(n-1)a,x"

n=2 n=2
+ ax + ynax —-ax —ax- Yax" = 0
n=2 n=2

o0

= (28, —a,)x° + (63, +a —a)x + » {(n+2)(n+1)a,,,+ n(n-1)a, +na, —a,}x’

n=2

{(n+2)(n+1)an+2 + [n(n-1)+n —1]an}x“ =0

NgE

= (2a, -3 )x° + (63)x +

2

=]
Il

s

=(2a, -8, )x’ + (6a;)x + {(n+2)(n+1)an+2 + [nz— n+n —1]an}x” =0

2

>
Il

s

=(2a, -8, )x" + (63)x + {(n+2)(n+1)an+2 + [nz —~ 1]an}x” =0

=]
Il
N

Equating various powers of x
.. 2a,-a, =0, 6a, =0, (n+2)(n+1)a,,, + [nz -~ l]an =0

= 2a, =2, & =0, (n+2)(n+1a,,, =— [n* - 1]a,

[nz - 1]an Chso

:>%::%”aszo’a“2:‘(n+am+g

Now,

L [n* - 1]a, _(n-3(n+a,  (n-1)a, N
n+2 (n+2)(n+1) (n+2)(n+1) (n+2) "’ o ’

This is the recurrence relation.

n=2: a4:_ﬂ :_Eaz — _li:_i ('.'azzi),
(2+2) 4 4 2 8 2
3-Da _ 2
=3: - = —— 0 (va=0
" (3+2) 5 (2 );
noa: og-o-A7¥a 3.1 & _a ( a :_@]
(4 +2) 6 2 8 16 ’ 8



Substitute the values in equation Eqg. (2)

e, y= D ax" =a + ax +a,x + X +a..
n=0

2 4 6
y = ao(l ¥ X? - % ¥ :—6 ¥ ] + a(x) is the required solution of
Eqg. (2).
EXERCISE

1. Find the power series solution of the equation y" + xy' + y = 0

2. Find the general solution of (1+ x*)y” +2xy -2y = 0 in terms of
power series in x.

2 4 3 5
Ans:l.y:aol—x—+X — e +a1x—X—+X—— ........
2 2.4 3 3.5
X4
2y:a0{1+x2—?— ........ }+ a, X
b) Series solution about regular singular pointat X = Xy

Apoint x = x, isan regular singular point of the differential equation
y'+P(x)y +Q(x)y=0

if y,y, y arenotall regular there, but(x - x,)y’, (x — %)y are all regular

at x, . This essentially implies that y( x )must have a fixed order divergence

(or pole) at x, . The general solution near such a regular singular point can be

represented by a Frobenius series i.e.
y(x) = x" Xa,(x = %)
n=0

with a, = 0 and note that m is not necessarily an integer.



Example-1: Find the series solution of 4xy"+ 2y + y=0 by Frobenius

method.
Solution: Consider the ode 4xy"+2y + y=0

(1)

Now, we can rewrite the above Eq. (1) as
14 i ! i —
Y 2xy " 4xy 0
Comparing this with ¥+ P(x)y +Q(x)y =0,
Here P(x) = —, Q(x) = —.

Therefore at x =0, P(x), Q(x)are notanalytic at x=0

= x =0 IS not an ordinary point i.e. it is singular point.
1

Now, xP(x) = = x*Q(x) = 45 = xP(x), x¥* Q( x) are analytic at

2
x=0.
= x =0 is a regular singular point.

We use Frobenius method for the solution of equation Eqg. (1).

Lety = x" ianxn = ianxm*”
n=0

n=0

be a solution of Eq. (1).

= i(m+n)anx"‘+"‘1 & Yy = i(m+n)(m+n—1)anx”‘+"‘2.
n=0

n=0

Eq. (1) becomes,

4x i(m+n)(m+n T)a, X" "2 + i m+n)a, x"* " ianx””” =0
n=0 n=0
:i4(m+n)(m+n I)a, x" " Zw: m+n)a, x" " ianxm*“ =0

=]
Il
o
=]
Il
o

:2{4(m+n)(m+n—l)+2(m+n)} Xm0t Z.::
:éz(m+n){2(m+n—l)+ 1}a, x" " + i a X" =

U
M

2(m+n){2m+2n-2+1}a, x"*"* i

0

=]
Il

2(m+n)(2m+2n-1)a, x"""* + i a x"" =0

U
M

>
I
o
=]
I
o

(2)



:iz(m+n)(2m+2n -1)a m+”1+Zax =

o0

:iz(m+n+1)(2m+2(n+1)—1)a et Z

n+l

=}
1
|
i
I|

= i 2 (m+n+1)(2m+2(n+1) -1)a,, X

n+1

= iZ(m+n+1)(2m+2n+2 1)a,,, x"*
= 22(m+n+1)(2m+2n +1)a,, X"+ i QX" 0

= 2(m-1+1)(2m+2(-1)) +1)a, x" '+ > 2 (m+n+1)(2m+2n+1)a,  x"""

n+1
n=0
o0

=2(m)(2m-2+1)a, { (m+n+1)(2m+2n+1)a,, +a,}x""" =0

n+1

i M8

=2(m)(2m-1)a,x"" +Z{ (m+n+1)(2m+2n+1)a +an}xm+" =0

n+1

Equating to zero the coefficient of lowest power and highest power i.e.
X"t 2(m)(2m-1)a, =0
Which is called an Indicial equation &
X" 2(m+n+l)(2m+2n 41 )a
which is called Recurrence relation.

Solving Eq. (3) i.e.

+a, =0

n+1 n

2(m)(2m-1)a, =0 =>m(2m-1)=0 (- a, =0)
=>m =0, m = E.
2
Solving Eq. (4) i.e.
2(m+n+l)(2m+2n+1)a,, + a, = 0
= a,, = — 1 a,n=0
" 2(men+l)(2m+2n+1) T
When m =0, then the equation Eg. (5) reduces to
= a,, = - L a,,nx=0

2(n+1)(2n+1) "’
Putting the values of n=0,1,2,.........

1 1 1 1 1

T A T () T @R T T@E) T T a

3)
4)

®)



AT T )2 ) T 2@ T T e)E) A T e
and so on.

Substitute these values in Eq. (2)

y=x"Yax = x"(a +ax+ ax + axX . )

<

Il

><O
—

&)

o

|
N |

»
N

x

+
N
=

»
~

><N

|

§J
N

><<A)

+
%/_/

One solution of the given equation is

_ 1 1. 1 3 : B
u_l—Ex+Ex — g X e (taking a, = 1) (6)

When m = % then the equation Eq. (5) reduces to

n+1 n
2(1+ n+1)( 2% ¥ 1 9n +1)
2 2

1 1
T @ ne2)(1e2n41) 0 T T (2ne3)(2n+2)
Putting the values of n=0,1,2,.........

T AT ST T T

1T T (043)(012)

1 a 1 1 1 11
T & (2+3)(2+2)al (5)(4)a1 (5)(4) TR

n=2
L 1 1 _ . 1. __1
S a2 ) T e T e m T A
S0 on.
Substitute these values in Eqg. (2)

yzxmianx" = X" (3, + aX + 8,X + 8%+ )
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Another solution of the given equation is

oo (g (E)e - (5o Csing 2, <

(7)
Therefore the complete solution of the differential equation is
y = au+bv , whereu and v are given in equations Eq. (6) and (7)

respectively.

Example-2: Solve the differential equation 4xy” + 2(1 - x)y -y = 0 by
Frobenius method of power series solution.
Solution: Consider the differential equation 4xy” + 2(1 - x)y -y = 0

1)

Now, we can rewrite the above Eqg. (1) as

14 (1_X) ’ 1
- 7 - —vyv =0
yor 2 X y 4xy

Comparing this with  ¥"+ P(x)y' + Q(x) y=0

Here P(x) = (12_XX), Q(x) = - -

Therefore at x=0, Q( x)is not analytic at x=0.

= x =0 is not an ordinary point i.e. it is singular point.

Now, xP(x) = @ x> Q(x) = —% = xP(x), x* Q( x) are analytic

at x=0.
= x =0 is a regular singular point.

We use Frobenius method for the solution of equation Eg. (2).
Let y — Xm i an Xn — i an Xm +n (2)
n=0 n=0

be a solution of Eq. (1).

0

y!: i(m_i_n)anXmHPl & yrl — Z(m+n)(m+n_l)anxm+n—2.

n=0 n=0



Eq. (1) becomes,

4xi(m+n)(m+n—1)an X" 4+ 2(1 - x) i(m+n X" Z a,x""" =

n=0 n=0

= 4xi(m+n)(m+n—1)an X" 2 i(m+n)an X" _2x i(m+n)an XMt

n=0 n=0 n=0
— Z an Xm+n :0

i 4(m+n)(m+n-1)a, x""* + Z (m+n) m+”‘1—2i:(m+n)anxm+"—ianx””” =0
n=0

n=0
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o

{4(m+n)(m+n-1) + 2(m+n)fa, x""* —i{z(m+n) + La,x"" =0

n=0
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2(m+n){2(m+n-1) + 1}a x"""* —i{z(m+n) + La,x"" =0

n=0
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2(m+n){2m+2n - 2+ 1}a x™""* = > {2m +2n + La x"*" =0

n=0

U
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2(m+n){2m+2n — 1}a x"""*" - i{Zm +2n + La x"" =0

n=0

U
gk

>
1
o

o0

2(m+n+1){2m+2(n +1) - 1}a,,x""" = > {2m +2n + L}a x""" = 0
n=0

U
i

U
M

2(m+n+1){2m+2n+ 2 - 1}a,,,x"*" —i{Zm +2n + LJa, x""" =0
n=0

n+l

>
1
LN

U
M

2(m+n+1){2m+2n+ 1}a,,, X —Z {m+n+1ax"" =0
1

>
Il

m+n

= 2(m +(-1) +1){2m+2(-1) + 1}a,x" ' + Zz(m +n+1){2m+2n+1}a, X

n=0

n+1

Ms

{2m +2n + 1}a,x""™" =0

I
o

n

m+n

X

n+1

=2(m-1+1){2m-2 + 1}a,x" " + iz(m +n +1){2m+2n+1}a
n=20

- i{Zm +2n + Lja, x"™" =0

n=0

=2(m){2m-1}a,x" '+ i[z(m +n+1){2m+2n+1}a, , —{2m +2n + 1}an}xm+”:0
=0

:>2(m){2m—1}aoxm’1+i[2(m +n +1){2m+2n+1}a,,,—{2m +2n +1}a ]xm*" -0
n=0

Equating to zero the coefficient of lowest power and highest power i.e.
x""tro2(m){2m-1}a, =0 (3)
Which is called an Indicial equation &
X" 2(m+n+1){2m+2n+lta,, —-2m+2n+l}a =0

(4)
which is called Recurrence relation.

Solving Eqg. (3) i.e.
2(m){2m-1}ja, =0 =>m{2m-1} =0 (g #0)



Solving Eq. (4) i.e.

2(m+n+1){2m+2n+1}a,,, —{2m+ 2n + 1ja, = 0
= (2m +2n +1)[2{m+ n+1}a,,, - an]z 0
=2{m+n+1}a, - a =0

a
= i ,n >0 5
= G 2{m+n+1} " ©)
When m = 0, then the equation Eqg. (5) reduces to
a
= - ,n>0
AR 2{0+ n+1} "
a = % n >0
— e T Sney T
Putting the valuesof n = 0, 1, 2, .........
) )
=O = = _—
" % 2(0+1) 2
& & & 1 a _ & 8
=1 = = - - 2 - =% _ % - %
TR % T ey T o2(2) T 4 172 "8 [ai 2}
. a a a 1 a, a, a,
=2 a, = 2 = 2 = 2 = xR = g = 2
"7 % T o2r) T 2(3) 6 6 8 48 ( % 8)
and so on.
Substitute these values in Eq. (2)
y = X" ianxn = X" (a0+a1x+a2x2+a3x3+ ........... )
=0

=}

R e
y=af e (Fo (e (m)e e ]

One solution of the given equation is

oo e (B (3] ()] Cing -

(6)
When m = %,then the equation Eq. (5) reduces to



a, a a

a ., = 1 = 1 2 2 = ,n >0
2{+n+1} 2{ +2n + } 1+ 2n+ 2
2 2
Putting the valuesof n = 0,1, 2,........
. T T
1+2(0)+ 2 1+ 2 3
_ _ & & _& 13 & _&
" a2_1+2(1)+2 1+2+2 5 53 15[ai 3]

a g N
= 2ia, = = =2 = -2 -2 |.qa =2
n % 1+2(2)+ 2 1+ 4 +2 7 7 15 105[% 15]
and so on.

Substitute these values in Eq. (2)

y = x" Yax = x"(a, + ax + ax + axX Fo. )

o (B (2 () ]
y - { 1 (o (] - () e H

Another solution of the given equation is

v:x%1+ Thor (2 « 2+ ( taking a, = 1)
3 15 105

(7)
Therefore the complete solution of the differential equation is
y=au+bv , whereu and v are given in equations Eqg. (6) and (7)

respectively.

Example-3: Find the series solution of 2x*y"—xy + (x-5)y=0 . (1)
Solution: Now, we can rewrite the above Eg. (1) as

" 1 ' (X_S)
2xy " 2 x?

y =0

Comparing this with Y"+ P(X)y +Q(x)y =0,



Here P(x) = oy Q(x) = (

Therefore at x =0, P(x), Q(x)are notanalytic at x =0

— x =0 IS not an ordinary point i.e. it is singular point.

Now, xP(x) = —21’ X Q(x) = ()(—;5) = xP(x), x* Q( x) are analytic

at x=0
= x =0 is a regular singular point.

We use Frobenius method for the solution of equation Eq. (1).
Let yzxmian X" = iam X" ()
n=0 n=0

be a solution of Eq. (1).

o0 o0

Ly =Y (men)a, X" & y =) (m+n)(m+n-1)a, x" "2,

n=0 n=0

Eq. (1) becomes,

o0

Z (m+n)(m+n-1)a, x”‘*"’z—xi(m+n)an Xm*"’l+(x—5)i a X" Z 0
n=0

n
_ n=0

o0 o0

i m+n)(m+n-1)a, x"*"2— x> (m+n)a, X"+ x> a x"" —52 a x"*"

n=0 n=0

= iz(m+n)(m+n—1)an xm*”—i(m+n)an K i VTR ZSa (e
n=0 = —

:i{Z(m+n)(m+n 1)—(m+n)_5}anxm+n N ianxmmﬂ 0
n=0 ~

:i{(m+n)[2m+2n ~3]-5}a,x"" + Zan X 20

=]
Il
o

= {(m+0)[2m + 2x0-3] - 5}a, X" +Z{ (m+n)[2m+2n-3]-5}a, x"*"

n

o0

+ > a, X" =0
n=1

0

= {m[2m -3]-5}a,x" +> {(m+n)[2m + 2n-3]-5}a,

m-+n
n X
n=1

+ > a, ,x"" =0
n=1
n

= {2m® - 3m-5}a,x" +§{(m+n)[2m+2n—3]—5}a Xm

+ > a, X" =0
n=1

= {2m" — 3m=5}a,x" + 3 ({(men)[2m+20-3]-5}a, + a, )" = 0



Equating to zero the coefficient of lowest power and highest power i.e.

X" {Zm2 —~ 3m—5}a0:0 (3)
Which is called an Indicial equation &
x"": {(m+n)[2m+2n-3]-5|a, + a,_, =0 4)

which is called Recurrence relation.

Solving Eqg. (3) i.e.
{2m® —3m-5}a,=0 = 2m* = 3m-5=0 (-3 #0)
=2m +2m - 5m-5=0=2m(m+1) - 5(m+1) =0

= (m+1)(2m-5) =0 :m=—1&m=g

Solving Eqg. (4) i.e.

{(m+n)[2m+2n-3]-5}a, + a,, = O
= {(m+n)[2m+2n-3]-5}a, = -a,,
a = - a,_; n>1
- 5T {(m+n)[2m+2n-3]-5} "
| (5)
When m = -1, then the equation Eq. (5) reduces to
a
_ n-1 > 1
- {(—1+n)[—2+2n—3]—5}’n>
a
— n-1 ’ > 1
- (n-1)2n -5]-5,"" ~
Putting the values of n=1, 2, .........
- _ 8 _ 3 __ % &
"=t oA {(1-1)[2x1 - 5] -5} {0[2x1 -5] -5} -5 5
oo a _ & oo 1 sy
n=e A {(2-1)[2x2 -5]-5}  {1]4 -5]-5}  -1-5 6 5 30
and so on.
Substitute these values in Eq. (2)
y = xmianxn = X" (8 +a X+ 8, X + 2%+ )

n=0

Y= {(%](%j ........... }
y- a{xl{“(gjﬂ&jxu ___________ }]

One solution of the given equation is



(6)

an71 an71
a, = - =—
(5+nj 2(5j+2n—3 ~5 {(5+2”j[5+2n—3]-5}
2 2 2
_ 1 _ 2an—l
~ [(5+2n)[5+2n-3]-10]  (5+ 2n)[5+ 2n-3]-10
2
Putting the values of n =1,2,.........
n=1a =- 28 = - 28 _ 28,
7t (5+ 2x1)[5 + 2x1-3]-10  (5+2)[5+2-3]-10  (7)[7-3]-10
_ 28 %% 2% 2% &
(7)[7-3]-10 (7)[4]-10 28 — 10 18 9
n=2. a=- 28 - _ 28, _ 23,
C ot (5+2x2)[5+2x2-3]-10  (5+4)[5+4-3]-10  (9)[9 -3]-10
___ea 23 28 a1 & _ &f.._ &
a, 8y
(9)[6]-10 54 10 44 22 22" 9 198 9
and so on.
Substitute these values in Eq. (2)
y = xmianxn = xm(a0+a1x+a2x2+a3x3+ ........... )

- {[é%}[&%] ........... }
y= ( {1_@“%}2 — H

Another solution of the given equation is

V= {1—[%jx + (&]xz S ST } ( taking a, = 1)

(7)
Therefore the complete solution of the differential equation is

y=au+bv , whereu and v are given in equations Eq. (6) and (7)

respectively.



EXERCISE 2.1

Find the power series solution of the following differential equations by
Frobenius method
1. 2xy"+(3-x)y -y =0

2. 2x*y"+xy — (x + 1)y =0

2 1 2
Ans:l.u:1+i+ X Fon , v x2{1+x+2X Foreeren }
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